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1. The purpose of this note is to give detailed information about, as 
well as a substantial improvement of, an earlier announcement of this author 
in [ 141. Both facts resulted as an application of the technique developed in 
[ 121, to which we also refer for further details regarding the notation and 
terminology applied herewith. On the other hand, the motivation for this 
material was a recent announcement by Kandelaki in 171, whose relevant 
result is amply extended by Theorem 2.1 below (cf. also Corollary 2.1). 
Thus, given a topological algebra A with spectrum YJZ(A) (we shall 
exclusively apply in the sequel (complex) locally m-convex (topological) 
algebras; Arens-Michael: cf., for instance, [ 1 l]), we consider the Grothen- 
dieck group KA(X) of the (additive) category gA(X) of A-vector bundles over 
a given topological space X [ 12, Sects. 3,5 1, together with the (Grothen- 
dieck) group K(W(A)) of (the category of finite-dimensional (complex)) 
vector bundles over W(A), the latter group being, of course, a “homotopy 
invariant” of the spectrum of A (see, for instance, [2, p. 17, Lemma 1.4.3, 
and p. 441). More particularly, we are interested in the existing relation 
among the previous group of a-vector bundles over X and the group that 
results when A is replaced by any “matrix algebra over A,” say M,(A), 
n > 1, the two groups being, in effect, equivalent for suitable topological 
algebras /A and compact X, a fact which might be viewed as a “continuous 
analogon” of the classical Morita equivalence (cf. Theorem 2.1 below; see 
also [ 1, p. 25 11). 
Thus suppose, in particular, that A is a commutative complete locally m- 
convex Q-algebra with an identity element (see, for instance, [ 121 and/or 
[ 11 I), and let 9(A) be the category of finitely generated projective (left) A- 
modules [ 121. Now, the following equivalence of categories can be obtained, 
namely, 
Y’(A) - mvJJv~)))7 
provided by the Gel’fand morphism of A, i.e., the map 
(l-1) 
Y: A -+ GpJl(A)), (1.2) 
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its range being the algebra of complex-valued continuous functions on !JJI(A), 
endowed with the topology c of compact convergence in YJl(A) (cf. for 
instance, [ 11, Chap. III, Definition 5.1 I). Thus, (1.1) is a consequence of the 
argument applied in [ 10, p. 251, Theorem 5.41 (see also the comments in 
[ 12, (5.5)], as well as the Appendix at the end of this note where a sketchy 
proof of this basic relation is also given). 
Now, a (complex finite-dimensional) vector bundle r = (E, X, X) over a 
given (Hausdorff) topological space X is said to be algebraic, if it is “stably 
isomorphic” to the kernel of an idempotent matrix with entries in A, say, 
a: A”+A”, (l-3) 
for some n E R\l, with a* = a (projector), and a suitable (topological) algebra 
A, whose spectrum ‘itJIm is homotopic to X (see also [ 12, Scholium 4.11). 
Equivalently, (continuous) vector bundles over X are algebraic, if one has 
Y”(A) - OPT (1.4) 
within a category equivalence, for an appropriate (topological) algebra A (cf. 
also [ 18, p. 212, Theorem 6.31) or by applying the K-functor, whenever one 
has 
WA) = K(X), (1.5) 
within an isomorphism of abelian groups; in this regard, one sets by 
definition 
K(A) = WqA)), (l-6) 
for any given ring A, and 
JXX) = w%~)) (1.7) 
(cf. [8, p. 54, Examples 1.10, 1.111). 
Thus, as a consequence of (1.1) and the preceding terminology, one gets 
the following. 
THEOREM 1.1. Let X be a compact Huusdorff space. Then, every 
continuous finite-dimensional complex vector bundle over X is algebraic 
relative to any commutative complete locally m-convex Q-algebra A with an 
identity element, whose spectrum W(A) is homotopic to X, i.e., one has 
K(A) = q-g, (1.8) 
within an isomorphism of the respective abeliun groups, for any topological 
algebra A us indicated. 
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Proof: By (1.1) and the classical Serre-Swan theorem (cf., for instance, 
[12, Theorem4.2, for A = C], or [8, p. 32, Theorem 6.18; 2, p. 31, 
Proposition]), one gets 
K(A) 7z K(~(Y.R(A))) z5 K(!ul((A)) z K(X), (1.9) 
within an isomorphism of the abelian groups involved (cf. also 12, p. 18, 
Lemma 1.4.4, (l)]) which, of course, proves the assertion. 1 
In this regard, the classical relation 
w+w3) = K(X) (1.10) 
(Serre-Swan) provides, of course, the previous conclusion for the particular 
case of the (commutative unital) Banach algebra g(X), with X a compact 
Hausdorff space, since one has 
wg(x)> =x (1.11) 
within a homeomorphism (see, for instance, [ 11, Chap. III, Corollary 9.2]), a 
fact which has been extended by Forster to every commutative unital Banach 
algebra by proving, in fact, the corresponding relation to (1.1) above (cf. [ 6, 
p. 10, Satz 61). On the other hand, the same result as that in 161 has also 
been independently given by Novodvorskii in [ 16, p. 490, Theorem 2) (in 
fact, semi-simple algebras are considered in [ 161, which, however, as Forster 
remarks in [6, p. 10, Proof of Satz 61, is not, in effect, any restriction of the 
generality; cf. also the Appendix of this note). In addition, the same result is 
quoted as the “Forster-Narashimhan theorem” by Wagner in [ 19, p. 166, 
Proposition 1. 
In this respect, we further remark that by the same relation (1.8) above, 
one concludes that the image of the (algebraic) K-functor defined on the 
category of commutative complete locally m-convex Q-algebras having 
identity elements is uniquely determined, within a homotopy equivalence 
(cf. (1.9)), by the respective topological algebra spectrum-functor !UI(.) 
restricted on the same category, or yet, equivalently, topological algebras of 
the kind considered above with spectra of a given homotopy type are 
indistinguishable with respect to the K-functor. 
Therefore, topological algebras of the previous type having, for instance, 
contractible spectra behave, relative to the algebraic K-functor, like l- 
dimensional (complex) algebras; i.e., one has 
K(A) z K(W(A)) z Z z K(G), (1.12) 
within an isomorphism of the respective abelian groups. As an example of 
such algebras take, for instance, the algebra ‘i!??“(A) (complex-valued @‘“- 
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functions on the unit disk endowed with the Qco-topology making ‘Z’“(A) a 
(commutative) Frechet-Silov (locally m-convex) Q-algebra with an identity 
element, the spectrum of which is homeomorphic to A; cf. [ 11, Chap. II, 
Example 10.2, (10.17), and Chap. III, Lemma 9.71). 
Now, any given algebra A as above has the fundamental property (by 
(1.6) and (1.12)) that every finitely generated projective A-module is, in 
effect, free, a fact which is also shared by any such algebra for which 
(continuous) finite-dimensional complex vector bundles over !JB(A)--or over 
any topological space X of the same homotopy type as m(A)-are trivial, 
i.e.. whenever one has 
(1.13) 
within a category equivalence, the second member of the last relation 
denoting the category of trivial finite-dimensional (C-) vector bundles over X 
(-m(A)). Such an algebra is, for example, the algebra L’(Z), since (1.13) is 
valid, of course, for m&‘(Z)) =: S’, or by (1.12), any algebra of the form 
L’(Z, E) z L’(E) Q,, E, with E a topological algebra of the preceding type 
whose spectrum ‘zUI(E) is a contractible space, since then one has 
W(L’(Z, E)) zz S’ x W(E) (see, for instance, [ 11, Chap. VI, Theorem 4.3, 
Corollary 5.1 I). 
The preceding provide the proof of the following result, which we also 
apply in the next section (cf. Theorem 2.2). That is, we have 
LEMMA 1.1. Let A be a commutative complete locally m-convex Q- 
algebra with an identity element, in such a way that either of the following 
conditions is satisfied, i.e., 
(i) W(A) is a contractible space. 
(ii) Equation (1.13) is valid, with X being any (Hausdorsf) topological 
space of homotopy type Y-V(A). 
Then, every finitely generated projective A-module is free. 
Further implications of condition (i) of Lemma 1.1 are given in the next 
section (cf. Corollary 2.2). 
On the other hand, as an application of [ 12, Corollary 5.2; 20, p. 138, 
Theorem 5.51, one gets the following. 
THEOREM 1.2. Let A be a commutative complete locally m-convex Q- 
algebra with an identity element and spectrum !UI(A) a contractible space. 
Then, for every n > 0, one gets the relation 
KA(S In+‘)% E, (1.14) 
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within an isomorphism of the respective abeiian groups; namely, every A- 
vector bundle, with A as indicated, over any odd-dimensional sphere is 
trivial. 
2. We come in this section to the main result of this note referring 
to a “parametrization” of (1.6) above (cf. [ 12, Theorem 4.2, (4.59), (5.3)]) 
and its relation to Morita equivalence of the topological algebras involved. 
Thus, given the algebras A, B we say that they are Morita-equivalent, if 
one has an equivalence 
AA-R.Af (2.1) 
between the categories of (left) A-modules and B-modules, respectively (cf., 
for instance, [5, p. 115; 15, p. 114, Theorem 71). For two Morita-equivalent 
algebras we shall also apply the notation 
A-,!3 (2.2) 
Now, given an algebra A, we denote by M,(A) the (complex) algebra of 
all n x n matrices with entries in A, in such a way that one gets 
A- m M,(A) (2.3) 
for any algebra A and n E N (cf. [5, p.1151 or [ 1, p. 265, Corollary 22.61). 
On the other hand, since a category equivalence respects finitely generated 
projective modules (cf. [ 15, p. 117, Theorem IO] as well as [ 5, p. 115, Proof 
of Theorem 41 or [ 1, p. 266, Ex. 4.(3)]), one obtains, by (2.3), 
Y’(A) - ~&f,(A)), (2.4) 
within a categoty equivalence, for any algebra A and n > 1. 
Now suppose, in particular, that A is a complete locally m-convex Q- 
algebra with an identity element, the topology of which is defined by a 
(fundamental) family, say rA = ( p}, of (continuous) submultiplicative semi- 
norms (see, for instance, [ 11, Chap. I, Theorem 2.11). Thus, for any n > 1, 
the matrix algebra M,(A) is made into a topological algebra of the same type 
as A, when equipped with the family of semi-norms 
&A4 = y: * Qwx)), (2.5) 
with a E M,(A) and x E A”, where p’ is given by 
g(x) : = + p(a,), 
iY1 
(2.6 1 
such that x = X7= r aie, E A” and (ei)r Gi(n is the canonical basis of A”, with 
p varying over r, (cf. [ 13, Theorem 2.11). The above constitutes, in effect, 
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an amendment of a previous similar result in [ 12, Theorem 1.11, where the 
topologies defined by (2.5) and the corresponding one on A”* z M,(A) by 
(2.6) are, in fact, equivalent. 
On the other hand, for any given locally m-convex algebra A with an 
identity element and a Hausdorfl topological space X, one defines the 
category 8*(X) whose objects are the A-vector bundles over X (see [ 12, 
Definition 2.21) and morphisms, the respective “A-bundle morphisms,” 
defined in the standard way [ 12, Sect. 3). Thus, for the important case for 
which X is, in particular, a compact Hausdorflspace and A is, moreover, a 
Q-algebra, one concludes that an object <= (E, n, X) of cY~(X) is, 
equivalently, given by an A-bundle morphism of the form 
p:xx A”+XX A”, (2.7) 
for some n E N, in such a way that 
P2=P and E z ker(p) P-8) 
[ 12, Scholium 4.1). As a consequence, one obtains the following category 
equivalence 
(generalized Serre-Swan theorem [ 12, Theorem 4.2]), where g(X, A) is the 
locally m-convex algebra of A-valued continuous functions on X endowed 
with the uniform topology in X. 
In this regard, the following lemma will presently be applied below. 
LEMMA 2.1. Let A be a complete locally m-convex algebra with an 
identity element, and X a Hausdorfl completely regular k-space (cf. also ] 11, 
Chap. VI, Theorem 4.1 I). Then, for any n > 1, one gets 
M,(%‘,(Z A)) = %‘,(x, M,@))Y (2.10) 
within an isomorphism of the topological algebras involved. 
Proof: The following relations hold true within an isomorphism of the 
respective locally convex A-modules, i.e., 
M,(A) r An2 z 6 Ai (EA) E A(nZ), (2.11) 
i=l 
for any given locally m-convex algebra A with an identity element (see [ 12, 
(1.19)]). Thus, one gets 
HOMOTOPYINVARIANTS OF ATOPOLOGICALALGEBRA SPECTRUM 303 
gc(X, M,(A)) g (cf. [ 11, Chap. VI, Theorem 4.11) 
gc(X) 0 M,(A) z (by (2.11)) 
gc(X) & 
E 
(2.12) 
@ gc(X, A, (=A)) z (by (2.11)) 
I 
the first of the above relations being valid within an isomorphism of the 
locally m-convex algebras involved (cf. Ref. ] 12]), and this proves the 
assertion. 1 
As a result of the previous lemma one obtains the following statement, 
providing a particular instance of a topological algebra that might be applied 
to the reasoning of [ 12, Lemma 7.11, instead, for example, of considering 
(7.13) of the same reference. Thus, we have 
COROLLARY 2.1. Let A be a commutative complete locally m-convex Q- 
algebra with an identity element and let X be a compact Hausdorff space. 
Then, for every n > 1, the algebra 
%K M,(A)), (2.13) 
in the uniform topology 2.4 in X (cf. (2.9)), is a complete locally m-convex Q- 
algebra (not commutative, unless n = l!) with an identity element. 
Proof: The assertion is an immediate consequence of (2.10), ] 13, 
Theorem 2.11, and the fact that FJX, A) is, by hypothesis for A, a 
(commutative) complete locally m-convex Q-algebra (cf. [ 11, Chap. VI, 
Theorem 4.1, Lemma 5.3 1). 1 
However, as the next theorem ensures, there is no (at least in the category 
theory point of view !) substantial difference between A and M,(A), within 
the context of Corollary 2.1, concerning the theory of A-vector bundles over 
a given compact (Hausdorff) space X. 
Thus, we come now to the statement and proof of the following basic 
result of this note. 
THEOREM 2.1. Let A be a complete locally m-convex Q-algebra with an 
409/101/l-20 
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identity element and X a compact Hausdor-space. Then, for any n > 1, one 
gets 
%,t A) WI - 44a<n (2.14) 
within a category equivalence, hence an isomorphism of the respective 
Grothendieck (abelian) groups, i.e., 
&f.mm = KA(X). (2.15) 
Proof On the basis of Lemma 2.1 (relation (2.10)), the relation (2.4), 
and a repeated application of (2.9), one obtains 
6(X> - ~‘(@‘(x, A)) - ~‘(~,vv~ A))) 
- ~‘(Q(x, Mn@))) - &f,CA,(X>9 (2.16) 
within an equivalence of the categories involved, which proves (2.14), the 
relation (2.15) being now a consequence of the latter by the very definitions 
(cf. 112, (5.1)]). I 
COROLLARY 2.1 (Kandelaki [7, p. 3 1, Corollary 21). Under the 
hypothesis of Theorem 2.1 and for A = C (the complexes), one gets 
KM,CO(X) = G-0 (2.17) 
within an isomorphism of the respective abelian (Grothendieck) groups. 
On the other hand, if an algebra A satisfying the conditions of 
Theorem 2.1 is, in particular, commutative one obtains 
K&q = K(X x !wA)), (2.18) 
within an isomorphism of the respective (abelian) groups (cf. [ 12, 
Theorem 5.11). Therefore when, moreover, the spectrum of A has a homotopy 
type of point (m(A) is a contractible space), one gets by (2.18) 
XA(X) x K(X) (cf. also [ 12, Corollary 5.2]), so that in conjunction with 
Theorem 2.1 and (2.17) one concludes the following. 
COROLLARY 2.2. Let A be a commutative complete locally m-convex Q- 
algebra with an identity element and spectrum !IR(A) a contractible space. 
Then, one gets the following equivalence of categories, i.e., 
5f,(C)(;Y) - am (=&c(;Y)) - ~ACx> - ,%f,dXh (2.19) 
and hence the following isomorphisms of the respective Grothendieck groups; 
namely, 
K ,w,&3 r K(X) 2 K&3 g K~,dx)~ (2.20) 
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The next result is, in effect, a variant within the present context of 
[5, p. 115, Theorem 41, the substance of which can be justified by Lemma 1.1 
above. Namely, we have 
THEOREM 2.2. Let A be a commutative complete locally m-convex Q- 
algebra with an identity element, in such a way that the conclusion of 
Lemma 1.1 is valid. Then, the rings which are Morita-equivalent to A are 
(within an isomorphism) precisely of the form M,(A), for some n E N. 
As a consequence of the previous statement, one gets that the rings 
involved are, in fact, by [ 13, Theorem 2.11 (cf. also the comments made on 
(2.5) above), topological algebras of the same type as A, except possibly of 
the commutativity of A unless, of course, n = 1. 
On the other hand, we actually get a partial strengthening of the previous 
result by applying Morita’s characterization of (Morita) equivalence; cf. [ 1, 
p. 265, Corollary 22.41. Namely, if A is a locally m-convex algebra with an 
identity element and I3 is any ring Morita-equivalent o A, then one gets 
B g End.(M), (2.21) 
where M is a progenerator of &, i.e., an object of <P(A) which is also a 
generator for A.,# [ 1, pp. 193, 2621. However, by [ 13, Theorem 2.1; 12, 
Lemma 3.21, End,(M) is a locally m-convex algebra with an identity element 
which is, moreover, complete and/or a Q-algebra if A is. Thus, the preceding 
provides the proof of the following. 
THEOREM 2.3. Let A be a locally m-convex algebra with an identity 
element and suppose that I3 is any ring (with an identity element) that is 
Morita-equivalent to A. Then, II3 is a topological algebra of the same type as 
/A which in addition is complete and/or a Q-algebra if/A is. 
APPENDIX 
The purpose of this appendix is to sketch a proof of (1.1) which is, in 
effect, the extension to our case of the basic result of Forster in [6, p. 10, 
Satz 61. The same relation was a crucial step in the proof of Theorem 1.1 
above, and that was also the case for relevant results in [ 121 (see, for 
instance, [ 12, Theorem 5.11 and its consequences). A first announcement of 
it, although within another framework, was included in [ 10, p. 251, 
Theorem 5.41. 
Thus, suppose we have a commutative complete locally m-convex Q- 
algebra A with an identity element and spectrum %(A), the latter being thus 
a compact Hausdorfispace (cf. [ 11, Chap. III, Corollary 5.51). A topological 
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algebra of this kind is, in particular, an Arens-Calderdn algebra, in the 
terminology of Bonnard (cf. [4, p. 29, Proposition S]), so that one obtains 
the extension to our case of the classical Arens-Calderdn lemma [4, p. 29, 
Lemme 5; 6, p. 6, Lemma 11; cf. also [11, Chap. IV, Theorem 8.21). As a 
consequence, one gets within the present context the analogon of the 
Arens-CaZder& theorem (“functional calculus of several topological algebra 
elements”; cf. [6, p. 5, Satz 2; 3, p. 412, Theorem 31 as well as [ 11, 
Chap. IV; Theorem 7.31). 
On the other hand, by following [ 61, one reduces the proof of (1.1) to the 
case for which the algebra A is semi-simple, in the sense that the respective 
Gel’fand map (1.2) is l-l. In fact, one proves for every complete locally m- 
convex algebra A the analogon of the “lifting of idempotents” property (cf. 
[6, p, 6, Lemma 2; 17, p. 59, Theorem (2.3.9)]). Thus, one can repeat within 
the present context, and making the appropriate alterations, the argument 
applied by Forster [6] for the proof of his “Banach-algebra analogon of 
Grauert’s theorem” [6, p. 10, Satz 61, which thus yields in our case the 
validity of (1,l). 
Note odded in prooJ: Concerning the comments before the Corollary 2.1 above, the things 
are, in effect, much simpler(!), since WJX, A), with X compact, is always a Wuelbroeck 
algebra (: locally m-convex Q-algebra with an identity element) whenever A is, so that the 
respective category g*(X) is still an additive pseudo-abelian Waelbroeck category, which was 
of importance in [ 121. See A. Mallios, Continuous vector bundles over topological algebras, 
to appear, or still A. Mallios, On A-vector bundles, Abstracts Amer. Math. Sot. 4 (7) (1983), 
586. 
On the other hand, Theorem 1.1 is amply extended to A-vector bundles over a compact 
space X, the type of “algebraic bundles” considered being an appropriate inductive limit of 
topological algebras of the same type as the algebra A (cf. A. Mallios, On algebraic vector 
bundles, Abstracts Amer. Math. Sot., in press.) 
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